
HAL Id: hal-04884198
https://univ-tours.hal.science/hal-04884198v1

Submitted on 13 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Thermopower, figure of merit and Fermi integrals
Patrice Limelette

To cite this version:
Patrice Limelette. Thermopower, figure of merit and Fermi integrals. Scientific Reports, 2021, 11 (1),
pp.24323. �10.1038/s41598-021-03760-4�. �hal-04884198�

https://univ-tours.hal.science/hal-04884198v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


1

Vol.:(0123456789)

Scientific Reports |        (2021) 11:24323  | https://doi.org/10.1038/s41598-021-03760-4

www.nature.com/scientificreports

Thermopower, figure of merit 
and Fermi integrals
Patrice Limelette

The thermoelectric efficiency accounting for the conversion of thermal energy into electricity is usually 
given by the figure of merit which involves three transport coefficients, with the thermopower, the 
electrical and the thermal conductivities. These coefficients can be defined at a semi-classical level as 
a function of Fermi integrals which only allow analytical approximations in either highly degenerate 
or strongly non-degenerate regimes. Otherwise, the intermediate regime which is of interest in order 
to describe high thermoelectric performance requires numerical calculations. It is shown that these 
Fermi integrals can actually be calculated and that the transport coefficients can be reformulated 
accordingly. This allows for a new definition of the figure of merit which covers all the regimes of 
interest without numerical calculations. This formulation of the Fermi integrals also provides a good 
starting point in order to perform a power expansion leading to a new approximation relevant for the 
intermediate regime. It turns out that the transport coefficients can then be expanded by revealing 
their high temperatures asymptotic behaviors. These results shed new light on the thermoelectric 
properties of the materials and point out that the analysis of their high temperatures behaviors allow 
to characterize experimentally the energy dependence in the transport integrals.

By allowing for the reversible conversion of heat waste into electricity, the thermoelectric effects has attracted 
a renewed interest in the past decades likely due to the context of the environmental concern and the growing 
number of complex  materials1,2. This has motivated materials science in order to find out new compounds fulfill-
ing the specific thermoelectric  requirements3,4 as well as condensed matter physics which aims to connect the 
thermoelectric efficiency to materials microscopic characteristics through the transport  coefficients5.

As early raised by Chasmar and  Stratton6, the transport coefficients which characterize the thermoelectric 
efficiency can be written as a function of Fermi integrals in the frame of the semi-classical treatment of the 
Boltzmann equation within the relaxation time  approximation7. This description can be extended by including 
different scattering  mechanisms8–12, bipolar  effects9, multiple bands and valley  degeneracy13–17. If one considers 
for instance that the relaxation time, the velocity and the density of states vary as a function of the energy accord-
ing power  laws18 with the exponents θ , ν and γ respectively, then the electrical conductivity σ , the thermopower α 
and the Lorentz number L = κe/σT , with the electronic thermal conductivity κe , can be defined as it  follows6,8–10.

with s = (θ + ν + γ ) and the Fermi integral Fs(µ̃) =
∫∞

0
xs

ex−µ̃+1
dx which is a function of the reduced chemical 

potential µ̃ = µ/kBT
18. As previously emphasized, the parameter s accounts for the energy dependence in the 

transport integrals by assuming that the relaxation time, the velocity and the density of states vary as power law 
with the aforementioned exponents as defined below.

(1)σ = σE0 sFs−1(µ̃)

(2)α =
kB

q

(

(s + 1)Fs(µ̃)

sFs−1(µ̃)
− µ̃

)

(3)L =

(

kB

q

)2
[

sFs−1(µ̃)(s + 2)Fs+1(µ̃)− (s + 1)2F2s (µ̃)

s2F2s−1(µ̃)

]

τE = τ0(E/Eτ )
θ v2x,E = v20(E/Ev)

ν gE = g0(E/Eg )
γ
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Here, the characteristic energies Eτ , Ev and Eg , and the constants τ0 , v0 and g0 have been introduced in order to 
focus on energy dependence. This formalism is general in the sense it describes both metallic and insulating 
regimes, and appears especially relevant as long as the density of states is a monotonic function of the  energy19.

According to these definitions two kinds of approximation can be performed depending on the degree of 
degeneracy which lead to analytical expressions. In the strongly non-degenerate regime as in insulators charac-
terized by a gap, the Fermi integrals can be simplified such as Fs(µ̃ << −1) ∝ eµ̃ . At the opposite in the highly 
degenerate regime, a Sommerfeld expansion allows to write Fs(µ̃ >> 1) ≈

µ̃s+1

s+1
+ s π

2

6
µ̃s−1 as usual in metals. 

As highlighted by  Fistul10, the most difficult case to approximate is the intermediate regime where the degeneracy 
is moderate with typically |µ̃| << 1 and which requires so far the use of tables or numerical  calculation20. There-
after, it is shown that the calculation of the Fermi integrals allows for an analytical redefinition of the transport 
coefficients which cover all the regimes of interest including the intermediate one. It is also demonstrated that 
the calculated form of the Fermi integrals provides a good starting point in order to perform a power expansion 
leading to a new approximation specifically relevant for the intermediate regime which connects the highly 
degenerate to the strongly non-degenerate ones. This new expansion is especially useful in order to characterize 
the asymptotic behavior of the transport coefficients reached in particular at high temperatures.

Results
Below the Fermi integrals are first calculated by recognizing a special function and then the transport coeffi-
cients in Eqs. (1), (2) and (3) are redefined accordingly. These new definitions allow to reformulate the figure of 
merit ZT which accounts for the thermoelectric efficiency in the frame of the material quality factor formalism 
including a finite lattice thermal conductivity.

Calculation of the Fermi integrals. In order to calculate the Fermi integrals Fs(µ̃) , a high temperatures 
expansion of the Fermi factor can be first performed in power of e−(x−µ̃) as it follows:

Then, the Fermi integrals can be calculated quite straightforwardly by using this expansion.

The last line above relates the Fermi integrals to the special function Lis(x) =
∑∞

k=1
xk

ks  known as 
the Polylogarithm and the well-known Gamma function Ŵ(s) . In particular, one recovers easily the 
expansion of the Fermi integral F0(µ̃) which can be anyway integrated directly by identifying that 
∑∞

k=1
(−1)k−1

k ekµ̃ = ln
(

1+ eµ̃
)

= −Li1(−eµ̃) = F0(µ̃) . It may be emphasized that the relation between the 
Fermi integrals and the Polylogarithm can also be demonstrated by using the recurrence formula between the 
Fermi integrals without using the Fermi factor expansion as shown in the Supplementary information.

Definitions of the transport coefficients. The electrical conductivity σ , the thermopower α and the 
Lorentz number L = κe/σT , with the electronic thermal conductivity κe , are usually defined in terms of Fermi 
integrals according Eqs. (1), (2) and (3). Now, they can also be related to Polylogarithm functions as introduced 
in Eq. (4), with the new notation Lis(−eµ̃) = Lis.

These relations allow then easy calculations of the transport coefficients from the non-degenerate regime to the 
degenerate one. They can also be a good starting point in order to characterize the transport properties in more 
complex systems such as multiple bands materials for instance without implying sophisticated numerical com-
putation. In addition, they are especially useful in order to perform approximations depending on the chemical 
potential. For instance in the strongly non-degenerate regime with µ̃ << −1 , the first term of the Polylogarithm 
expansion ( k = 1 ) is the leading one, Lis+1(−eµ̃) ≈ −eµ̃ , and one recovers the usual approximation for the Fermi 
integral Fs(µ̃ << −1) ≈ Ŵ(s + 1)eµ̃ . Therefore, it follows that the approximate forms of the transport coefficients 
in the strongly non-degenerate regime are easily deduced below.

(ex−µ̃ + 1)−1 = e−(x−µ̃)(1+ e−(x−µ̃))−1 = e−(x−µ̃)
∞
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∞
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Beyond this approximation, the general relations 5, 6 and 7 are also interesting in order to reformulate the dimen-
sionless figure of merit ZT characterizing the thermoelectric efficiency and which combines the thermopower, 
the electrical conductivity and the thermal conductivity. If the electronic part of the thermal conductivity is only 
considered, then ZT = α2/L and Eqs. (6) and (7) allow to define a purely electronic figure of merit. Nevertheless, 
in real materials the lattice thermal conductivity κl needs to be taken into account and the figure of merit can 
be written as a function of the so-called dimensionless material quality factor B = (kB/q)

2σE0T/κl originally 
introduced by Chasmar and  Stratton6 and redefined more  recently21.

The figure of merit defined in Eq. (9) allows then to plot straightforwardly its variations as a function of both 
the reduced chemical potential and the material quality factor as reported in Fig. 1 for selected exponents s.

For free electrons with a quadratic energy dispersion ( ν = 1 ) in three dimensions ( γ = 1/2 ), it follows that 
s = 3/2+ θ . If they are scattered by longitudinal acoustic phonons above the Debye temperature or by screened 
ionized impurities, then θ = −1/2 and s = 110. If they undergo polar scattering from optical phonons, then 
θ = 1/2 and s = 221, and if they are scattered by unscreened ionized impurities, then θ = 3/2 and s = 318,22. In 
addition, it has been shown that, for Dirac quasiparticles ( ν = 0 ) in three dimensions ( γ = 2 ), the relaxation 
time due to scattering by unscreened ionized impurities varies quadratically as a function of energy, namely, 
θ = 2 and then s = 418. Actually, the latter exponent has been determined experimentally by several groups in a 
wide variety of conducting  polymers23–26 which have been identified as promising thermoelectric  materials27–30 
due in particular to their low thermal  conductivity28,30,31.

(8)σ ≈ σE0Ŵ(s + 1)eµ̃ α ≈
kB

q
((s + 1)− µ̃) L ≈ (s + 1)

(

kB

q

)2

(9)ZT =
α2

L+
(kB/q)2

BsFs−1(µ̃)

=

[

1− µ̃ Lis
(s+1)Lis+1

]2

[

(

s+2
s+1

)

LisLis+2

Li2s+1

− Lis
(s+1)BŴs+2Li

2
s+1

− 1

]

Figure 1.  Figure of merit according Eq. (9) as a function of the reduced chemical potential µ/kBT with s = 1 
(a), 2 (b), 3 (c) and 4 (d) for various material quality factors. The maximum of ZT shifts toward higher µ/kBT 
and the range of high ZT-values increases if s is higher due the required lower B. The various exponents s from 1 
up to 3 correspond to distinct scattering mechanisms while s = 4 characterizes the expected behavior of Dirac-
like quasiparticles scattered by unscreened ionized impurities in 3D.
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Therefore, the general formulations of the transport coefficients according to Eqs. (5), (6) and (7) allow us 
to investigate for different charge carriers, densities of states, and scattering mechanisms, the thermoelectric 
efficiency as a function of s varying from 1 up to 4 as reported in Fig. 1. As previously suggested, the exponent 
s ranging from 1 up to 3 corresponds to a single parabolic band dispersion ( E ∝ k2 ) for different scattering 
mechanisms while the exponent s = 4 is related to a single linear band dispersion ( E ∝ k ). Whereas the chemical 
potential dependence of ZT is mainly characterized by a peak located around µ̃ ≈ 0 in an intermediate regime 
between the non-degenerate and the degenerate ones, some specificities appear depending on the exponent 
s. In particular, the ZT-maximum is deeper located in the non-degenerate regime for low exponents s such as 
s = 1 , in contrast to s = 4 for which the maximum shifts toward higher values of chemical potential including 
the slightly degenerate regime.

Additionally, the width of the ZT-peak significantly increases for larger s-values implying then that a better 
thermoelectric efficiency can be found in materials with quasiparticles characterized by strong energy depend-
ence in the transport integrals, namely with higher exponent s. These variations also illustrate that lower material 
quality factors are required in order reach high ZT values for large exponents s suggesting that a larger lattice 
thermal conductivity may be sufficient in this case.

Discussion
In order to compare the figure of merit with experimental results, it is necessary to introduce within this formal-
ism the charge carriers density and to discuss the influence of the effective mass. Thereafter, the transport coef-
ficients are more specifically considered in the intermediate regime and the related approximation is developed 
from the expansion of the Fermi integrals in power of the reduced chemical potential.

Charge carriers density and effective mass. Whereas Eq. (9) allows to plot in Fig. 1 the figure of merit 
for distinct exponents s as a function of the reduced chemical potential, the latter is generally not measured 
experimentally and ZT is more usually determined as a function of the charge carriers density. Therefore, it is 
useful to relate the reduced chemical potential to the charge carriers density according Eq. (10) with the Fermi 
factor fE and the density of states such as gE = g0(E/Eg )

γ , with a characteristic energy Eg and the constant g0.

Here, the temperature dependent constant Nc(T , γ ) has been introduced in order to recover the well-known 
exponential relation in the strongly non-degenerate regime such as n = Nc(T , γ )e

µ̃32. The latter coefficient can 
be written as usual in the case of a free electrons density of states such as Nc(T , γ = 1/2) = 1

4

(

2mkBT
πℏ2

)3/2

 whereas 
it acquires a different expression if one considers 3D Dirac-like quasiparticles with a parabolic density of  states18 
leading to Nc(T , γ = 2) = 2

π2

(

kBT
ℏvF

)3

 , the latter being relevant in the case of the exponent s = 4 . By using 
Eq. (10) with γ = 1/2 , the charge carriers density can be plotted in Fig. 2(a) as a function of the reduced chemical 
potential at 300 K. In particular, one recovers here the two limiting behaviors with n = Nc(T , γ )e

µ̃ in the non-
degenerate regime and the power law followed in the strongly degenerate regime as n = 1

3π2

(

2mµ

ℏ2

)3/2

 . Thus, 
Eqs. (9) and (10) allow to compare the expected variations of the figure of merit as a function now of the charge 
carriers density with the one measured experimentally in the n-type lead chalcogenide PbS at 800  K21 in Fig. 2(b). 

(10)n =

∫ ∞

0

gEfEdE = g0
(kBT)

γ+1

E
γ
g

Fγ (µ̃) =
Nc(T , γ )

Ŵ(γ + 1)
Fγ (µ̃) = −Nc(T , γ )Liγ+1(−eµ̃)

Figure 2.  Charge carriers density according Eq. (10) with γ = 1/2 as a function of the reduced chemical 
potential µ/kBT at 300 K (a). The left inset displays the exponential behavior such as n = Nc(T , γ )e

µ̃ in the 
non-degenerate regime and the right inset shows the power law behavior reached in the strongly degenerate 
regime as n = 1

3π2

(

2mµ

ℏ2

)3/2

 . Comparison between the figure of merit determined experimentally in the n-type 
PbS compound at T = 800 K with the one calculated from Eqs. (9) and (10) with s = 1 and γ = 1/2 (b).
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Whereas it seems that most of the other lead chalcogenides requires to take into account multiple bands  effects14, 
the variations of the figure of merit of this compound appear well reproduced by simply adjusting the material 
quality factor and the effective mass. As discussed thereafter and displayed in Fig. 3(a), the latter constrained 
actually the charge carriers density corresponding to the maximum of the figure of merit and it is found to be 
0.61 in Fig. 2(b) whereas it is known that the effective mass in PbS is 0.23 at 800  K21. Nevertheless, it is the overall 
density of states effective mass m∗

d which determines the carriers concentration and can be related to a single 
band effective mass m∗

b such as m∗
d = N

2/3
v m∗

b , with the valley degeneracy Nv
9. In lead  chalcogenides21, the valley 

degeneracy for the conduction band is Nv = 4 which leads to a single band effective mass m∗
b ≈ 0.24 according 

the results in Fig. 2(b) in good agreement with the expected one. It is also worthy to mention that whereas the 
influence from polar scattering can be found at 300 K when the carriers density is lower than 1025 m−3 , it 
decreases at higher temperatures such as 800 K compared with the acoustic phonon scattering which is even 
more predominant within this  regime21.

In the other n-type lead chalcogenide PbSe for instance, the maximum of the figure of merit reaches nearly 
1.13 at 800 K for a charge carriers density of the order of 1.9 1025 m−321, namely a higher value than in PbS in 
Fig. 2(b) for a lower charge carriers density. While this higher figure of merit appears consistent with the higher 
material quality factor B = 0.47 , the lower charge carriers density suggests at a qualitative level a lower density 
of states effective mass such as m∗

d ≈ 0.48 by using both Eqs. (9) and (10). If one considers the same conduction 
bands valley degeneracy as in PbS, the inferred single band effective mass is therefore m∗

b ≈ 0.19 whereas it is 
expected to be closer to 0.15 at 800  K21. This discrepancy is also confirmed if the figure of merit is plotted as a 
function of the charge carriers density (not shown here) with the aforementioned set of parameters B and m∗

d . 
Whereas the agreement with the experimental data is actually very good above the maximum of ZT, the expected 
variation overestimates the figure of merit below namely for low charge carriers density. This result might sug-
gest that this regime is additionally influenced by the valence bands contribution which implies bipolar effects 
and then reduces the thermoelectric efficiency. Therefore, the extension of the presently reported formalism to 
the case of multiple bands including bipolar effects should fix this issue by allowing to account for the observed 
figure of merit in such materials. Another example is discussed in the Supplementary information.

Furthermore, the expression of Nc(T , γ = 1/2) shows due to the considered free electrons density of states 
an effective mass dependence as m3/2 . A low band effective mass m∗

b is therefore expected to decrease the charge 
carriers density and shifts the ZT maximum towards lower n values without altering its amplitude as illustrated 
in Fig. 3(a) for a constant B. Nevertheless, the material quality factor is also expected to depend on the effective 
mass according the electrical conductivity parameter σE0 = q2

τ0v
2
0g0

Eθτ E
ν
v E

γ
g
(kBT)

s , with characteristic energies Eτ ,Ev 

and Eg and the constants τ0, v0 and g0 as previously  introduced18. If one considers the s = 1 case with γ = 1/2 , 
θ = −1/2 and ν = 1 , one recovers the previously mentioned dependence of the density of states with 
g0/E

1/2
g ∝ (m∗

b)
3/2 while due to the acoustic phonon scattering τ0/E

−1/2
τ ∝ (m∗

b)
−3/2 . Thus, the remaining 

dependence originates from the velocity term v20/Ev ∝ m−1
I  , with mI which is usually referred as an inertial 

effective mass and defined by  Goldsmid9 as mI = 3(1/m1 + 1/m2 + 1/m3)
−1 where mi are the principal values 

of the effective mass when the equal energy surfaces are ellipsoids. In such a case, the band effective mass is 
therefore m∗

b = (m1m2m3)
1/3 . For an isotropic system with m∗

b = mI = m∗ , it follows that σE0 ∝ 1/m∗ and then 
that B ∝ 1/m∗.

It results in this case that a low effective mass is indeed beneficial to the figure of merit as illustrated in 
Fig. 3(b) since the decrease of m∗ not only shifts the ZT maximum down to lower charge carriers density but 
also increases the value of the material quality factor B and then ZT.

Transport coefficients in the intermediate regime. On the other hand, the reformulation of ZT in 
Eq. (9) can provide new insight from an analytical point of view if one considers the limit of zero chemical poten-
tial or the equivalent limit of infinite temperature. By using the property of the Polylogarithm Lis(−1) = −ηs , 

Figure 3.  Variation of the figure of merit as a function of the charge carriers density at 800 K for selected low 
band effective mass with constant B = 0.268 (a) and a material quality factor dependent on the effective mass as 
B ∝ 1/m∗ (b). Here an isotropic system has been assumed with m∗

b
= mI = m

∗.
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with the Dirichlet η function ηs =
∑∞

k=1
(−1)k−1

ks  , the exact expressions of the transport coefficients can be given 
whatever s for µ̃ = 0.

These relations demonstrate that the asymptotic behavior of the transport coefficients is fully governed by the 
energy dependence in the transport integrals, namely by the exponent s which originates from the energy 
dependence of the relaxation time, the quasiparticles velocity and the density of states. As a consequence, it results 
that the high temperatures values of the electrical conductivity, the thermopower and the Lorentz number can 
provide an interesting way to determine experimentally the exponent s, and then to characterize the microscopic 
energy dependence in the transport integrals. According to Eq. (9), the figure of merit can also be simply written 
in this limit as a function of B, s and the Dirichlet η function.

This relation leads therefore to the variations of the figure of merit shown in Fig. 4 as a function of the material 
quality factor for the exponents s ranging from 1 up to 4.

In connection with Fig. 1, the variations displayed in Fig. 4 highlight the large values of figure of merit which 
can be reached in this regime as well as the influence of the exponent s on the material quality factor required 
to exceed ZT = 1 . It also illustrates that the asymptotic behavior shown in the inset of Fig. 4 without the lattice 
contribution to the thermal conductivity appears much more easily achieved with high exponents s, namely 
for lower material quality factor. While the limit µ̃ = 0 may appear rather theoretical, the relation 10 allows to 
precise the corresponding charge carriers density nµ̃=0 = ηγ+1Nc(T , γ ) which yields nearly to 2 1025 m−3 for 
γ = 1/2 at 300 K without effective mass renormalization as shown in Fig. 2(a).

Even if large figure of merit can be reached in this regime it does not correspond to its maximum value which 
departs slightly from µ̃ = 0 depending on s and B as shown in Fig. 1. It is therefore interesting to better character-
ize the regime around this limit where basically |µ̃| < 1 , and which appears intermediate between the strongly 
degenerate regime and the completely non-degenerate one. Whereas approximations already exist for the two 
latter regimes, there are none for this intermediate one. One strategy consists thus to expand the Fermi integral 
in power series as a function of µ̃ around µ̃ = 0 . In order to perform this, the definition of the Polylogarithm 
function may be reformulated by expanding its argument as below.

(11)

σ

σE0 µ̃=0

= Ŵ(s + 1)ηs αµ̃=0 =
kB

q
(s + 1)

ηs+1

ηs

Lµ̃=0 =

(

kB

q

)2
(s + 1)

ηs

[

(s + 2)ηs+2 − (s + 1)
η2s+1

ηs

]

(12)ZTµ̃=0 =

[

(

s + 2

s + 1

)

ηsηs+2

η2s+1

+
ηs

(s + 1)BŴs+2η
2
s+1

− 1

]−1

Lis+1(−eµ̃) =

∞
∑

k=1

(−1)k

ks+1
ekµ̃ = −

∞
∑

k=1

(−1)k−1

ks+1

∞
∑

m=0

(kµ̃)m

m!
= −

∞
∑

m=0

∞
∑

k=1

(−1)k−1

ks+1−m

µ̃m

m!

= −

∞
∑

m=0

ηs+1−m
µ̃m

m!

Figure 4.  Variation of the figure of merit with µ̃ = 0 as a function of the material quality factor B for s = 1 , 2, 3 
and 4. The inset shows the figure of merit for µ̃ = 0 as a function of s when 1/B = 0 namely without the lattice 
contribution to the thermal conductivity.
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The Dirichlet η function has here been recognized with ηs+1−m =
∑∞

k=1
(−1)k−1

ks+1−m  . Some values of the Dirichlet η 
function which cover the range of interest if the exponent s involved in the Fermi integrals varies from 1 up to 
4 are provided in the Supplementary information.

Thus, it follows that the Fermi integrals can be expanded in power series as a function of µ̃ such as:

Note that one recovers in Eq. (13) the property of the Polylogarithm Lis(−1) = −ηs as previously used to 
investigate the limit µ̃ = 0 . The use of the expansion 13 allows now to deduce the expressions of the electrical 
conductivity and the thermopower in the intermediate regime according their definition up to second order.

These relations can be compared in Fig. 5(a) and (b) with the electrical conductivity and the thermopower as 
deduced from numerical computation of the required Fermi integrals or from direct analytical calculations with 

(13)Fs(µ̃) = Ŵ(s + 1)

∞
∑

m=0

ηs+1−m
µ̃m

m!
≈ Ŵ(s + 1)

(
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µ̃2
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)
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σ
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with α0 =
kB
q
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Figure 5.  (a) Normalized electrical conductivity σ/σE0 , (b) absolute value of the thermopower α and (c) 
Lorentz number in unit of (kB/e)2 as a function of the reduced temperature kBT/|µ| for s = 1 and 4. Here 
the three kinds of expansion corresponding to the regimes |µ̃| < 1 , µ̃ << −1 and µ̃ >> 1 are compared to 
numerical and analytical results.
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Eqs. (5) and (6) for s = 4 and 1. It turns out that the agreement is quite satisfactory especially when µ̃ is small, or 
in the limit of high temperatures, but also up to nearly |µ̃| < 2 due to the second order corrections.

On the other hand, the Lorentz number can also be expanded with Eq. (13) as L ≈

(

kB
q

)2
(

l0 + l1µ̃+ l2µ̃
2
)

 
by introducing the dimensionless coefficients li with Lµ̃=0 = (kB/q)

2l0 , the full expressions of l1 and l2 being 
given in the Supplementary information. The Lorentz number can thus be compared in Fig. 5(c) with numerical 
results for s = 1 and 4 when plotted as a function of the reduced temperature. As previously suggested, Fig. 5(a), 
(b) and (c) clearly illustrate that the asymptotic behavior of the electrical conductivity, the thermopower and the 
Lorentz number here reached when kBT > 10µ are entirely governed by the exponent s. In particular, the three 
asymptotic regimes of the Lorentz number are clearly displayed in Fig. 5(c) with the value l0 given by Eq. (11) 
when kBT > 10µ (intermediate regime), the recovered Wiedmann–Franz law with the limit π2/3 reached what-
ever s when kBT << µ/10 (highly degenerate regime), and the value (s + 1) according Eq.  (8) when 
kBT << −µ/10 (strongly non-degenerate regime). It appears also that the intermediate regime power expansion 
can help in determining experimentally the exponent s in a lower and then more accessible temperature range 
such as kBT > µ/2.

Furthermore, Eq. (12) provides also the zero order term z0 of the power expansion of the figure of merit which 
can be written up to second order as below.

z0 is defined according to Eq. (12) and the other coefficients z1 and z2 can be expressed as a function of z0 as 
shown in the Supplementary information. According to Eq. (16), it results that the optimal figure of merit is 
reached when µ̃ZTmax = −z1/(2z2) which leads to the maximum ZTmax = z0 − z21/(4z2) . By using the same 
procedure, the charge carriers density can finally be expanded up to second order and the chemical potential 
can be related to n as it follows.

The latter expansion allows then to infer the charge carriers density for µ̃ZTmax by fully characterizing the maxi-
mum of the figure of merit in this regime.

So, whereas the thermoelectric transport coefficients are usually defined as a function of Fermi integrals, 
it is shown here that their explicit calculation leads to reformulate these coefficients by introducing Polyloga-
rithm functions. This provides in particular a new definition of the figure of merit which covers all the regimes 
of interest including the intermediate one. While this formalism is found to reproduce quite well the figure of 
merit measured experimentally in the PbS compound by simply adjusting the material quality factor and the 
effective mass, it should allow a straightforward extension to more complex materials such as other lead chalco-
genides which require to take into account multiple bands without implying numerical calculations. In addition, 
this formulation of the Fermi integrals provides a good starting point in order to perform a power expansion 
which leads to a new approximation specifically relevant for the intermediate regime connecting thus the highly 
degenerate to the strongly non-degenerate ones. It turns out that the transport coefficients can then be expanded 
in the frame of this approximation which reveals their asymptotic behaviors in the limit of high temperatures. 
These results shed new light on the thermoelectric transport properties of the materials and point out that the 
analysis of their high temperatures behaviors can allow to characterize experimentally the microscopic energy 
dependence in the transport integrals.
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